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Abstract 

A  well-known  technique  in  computational  mathematics  is  to  change 
to  a  coordinate  system  which  exhibits  special  attractive  properties.  A 
somewhat  unusual  case  is  the  change  to  generic  coordinates  in  prov- 
ing a  degree  bound  for  Grobner  bases.  Here,  the  generic  coordinates 
exhibit  the  worst  case  behavior,  and  thus  allow  the  construction  of 
upper  bounds. 

A  sketch  of  the  existence  of  such  coordinates  was  provided  in 
Bayer's  thesis.  This  report  expeinds  upon  that  sketch  to  provide  a 
fully  detailed  proof  that  such  a  coordinate  system  always  exists. 

1      Introduction 

Let  A  =  K[xi,. .  .,Xn]  be  a  multi-variate  polynomial  ring  with  coefficients 
in  a  field  K. 

Definition:  A  monomial  ideal  /  is  said  to  be  Borel-fixed  if  it  is  invariant 
under  an  upper-triangular  linear  change  of  coordinates.  In  practice,  it  is 
often  convenient  to  use  one  of  the  equivalent  definitions: 

1.  A  monomial  ideal  /  is  Borel-fixed  if  for  each  pair  of  variables  i,,  ly 
such  that  I  <  j, 

{I  :  X;)    C    (/  :  X.)  . 

2.  A  monomial  ideal  /  is  Borel-fixed  if  for  every  power  product  P  and 
index  i  <  n, 

x,+iP  G  /     implies     x,P  G  /  . 
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For  a  monomial  A  =  /cxj'ij^  •  •  •  t"",  the  degree  of  A  will  refer  to  the  total- 
degree 

n 

deg{A)    =    ^a,  . 
1=1 

The  above  definitions  of  a  Borel-fbced  ideal  can  be  sharpened  to  provide 
the  following  effective  criteria  for  determining  if  an  ideal  is  Borel-fixed. 

Lemma  1   Let  I  be  an  ideal  generated  by  a  set  of  monomials  F  =  {/i, . . . ,  f^}, 
and  let  d  be  the  maximum  of  the  degrees  of  the  /,.    Then  the  following  con- 
ditions are  equivalent: 

1.  I  IS  Borel-fixed. 

2.  For  each  power  product  P  with  deg(P)  <  d 

x,+iP  €  /      implies     XiP  G  /  . 

S.   For  each  generator  f^  and  index  j  <  n: 

fic  a  multiple  of  Xj  +  i    =>    XjXj^^fk  G  /  . 

Proof.    The  implication  (1)   =>■  (2)   =>   (3)  is  trivial.    It  remains  to  be 
proven  that  (3)  =>  (1). 

Assume  that  condition  (3)  holds.  For  any  j  <  n  and  monomial  P  such 
that  Xj+iP  G  /,  it  must  be  shown  that  XjP  G  /.  Since  F  is  a  monomial 
basis  for  /,  x_,  +  i-P  =  fk9  for  some  /^  in  the  basis  and  monomial  g.  li  g 
is  a  multiple  of  i^  +  i,  then  P  ^  I  and  hence  XjP  G  /.  Otherwise,  fk  is  a 
multiple  of  x^+i  and  so  be  condition  (3), 

^jXjlJk     G     / 
XjP  ^  {xjX-lJk)g    G    /  . 


Definition:  The  reverse  lexicographic  ordering  (>)  is  a  total-ordering  de- 
fined on  the  power  products  PP[xi, . . . ,  x„]  as  follows:  Let  A  =  ij'  •  •  •  i^" 
and  B  =  Xi"  •  •  •  x*" ,  then  A>B  if 

1.  deg(>l)    >    deg{B),  or 


2     BACKGROUND:  EXTENDING  THE  FIELD 


2.  deg{A)  =  deg(B)  and  the  last  exponent  at  which  A  and  B  differ  has 
a  J  <  bj. 

For  a  polynomial  h,  the  >-greatest  power  product  of  a  monomial  of  h  is 

n 

called  the  head  term  of  h  and  is  denoted  by  Hterm/?(/i).  For  an  ideal  /, 
Headfi(/)  is  used  to  denote  the  ideal  generated  by  {Htermfi(/i)  :  /i  G  /} 
and  is  called  the  head  ideal  of  /. 

In  [Ba  82],  [Gi  84],  [MoMo  84]  a  key  step  in  the  analysis  of  Grobner 
bcLsis  (Bu  85]  complexity  is  the  transformation  to  generic  coordinates.  ^  In 
this  usage,  generic  coordinates  for  an  ideal  /  refers  to  a  coordinate  system 
where  the  head  ideal  of  /  w.r.t  the  reverse  lexicographic  ordering  is  Borel- 
fixed.  The  term  generic  is  used  because  after  nearly  any  random  change  of 
coordinates  this  condition  will  occur. 

[Ba  82]  provides  an  informal  proof  that  if  the  coefficient  field  K  is  infi- 
nite, then  almost  all  linear  upper  triangular  coordinate  changes  result  in  a 
transformation  to  generic  coordinates.  This  same  conclusion  follows  from 
(Ga  73],  but  there  analytical  methods  are  employed.  This  report  expands 
on  the  sketch  provided  by  Bayer,  and  provides  a  formal  construction  which 
shows  that  if  the  coefficient  field  is  infinite,  than  a  generic  coordinate  system 
can  always  be  found. 


2      Background:  Extending  the  Field 

This  section  is  used  to  collect  a  few  well-known  properties  of  extended 
formal  power  series,  and  the  consequences  of  extending  the  coefficient  field 
of  a  polynomial  ring.  This  information  can  be  found  in  more  detail  in 
(among  other  sources)  [ZaSa  60]. 

Definition:  For  a  field  K,  the  extended  formal  power  series  K{y)  is  a  field 
whose  elements  are  of  the  form  a  =  Ylf=-oo'^jy^  •  Where  cy  €  K  and  for 
each  element  a,  there  exists  an  m  €  Z  such  that  a,  —  0  for  j  <  m.  In  other 
words,  each  a  G  K{y)  can  be  written  as  a  =  ir°lm  ^jV''  f°^  some  m  t  Z. 

For  A  =  K[xi, . . .  ,i„]  let  A'  denote  the  polynomial  ring  {K{y))\xi, . . . ,  Xn] 
In  A',  each  monomial  consists  of  a  power  product  in  PP(ii, . . . ,  Xn]  multi- 
plied by  a  coefficient  in  K{y).  That  is,  monomials  have  coefficients  which 


^  jDu  89]  provides  a  method  of  produciug  degree  bounds  which  does  not  require  a  change 
of  coordinates. 
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are  power  series  in  y. 

For  /  a  homogeneous  ideal  of  A,  let  /'  denote  the  ideal  generated  by  / 
in  A'.  Then, 

1.  Let  F  =  {/i, . .  • ,  /r}  C  A  be  any  basis  for  /.  Then  F  generates  /'  in 
A'. 

2.  For  h  e  A'  consider  a  decomposition  of  h  of  the  form  h  =  IZJ^-oo  V^ ^j 
for  h^  e  A.  Then,  /i  €  /'  if  and  only  if  for  all  j  h^  €  /. 

3.  Let  Id  denote  the  set  {h  G  I\  deg(/i)  =  d]  and  similarly  let  /^  denote 
the  set  {h  e  7'|deg(/i)  =  d}.  Then  /i  e  7^  if  and  only  if  h  can  be 
written  as  h  =  J2°^oo  V^^j  with  h^  €  Id- 

A.  Let  >  be  any  total  ordering  on  the  power  products  PP[xi, . . .  ,x„],  for 

A 

example  the  reverse  lexicographic  ordering.  Then, 

{Hterm^(/i)    :  heV)    =    {Hterm^(/i)    :  h  e  1} 

5.  I  and  I'  have  the  same  Hilbert  functions. 

3      The  Change  of  Coordinates 

Definition:     A  homomorphism  (f)  :  A  — »  A  is  called  a  linear  change  of  coordinates 
if  for  every  homogeneous  polynomial  h,  (f){h)   is  also  homogeneous  and 
deg(<^(/i))  =  deg{h). 

For  any  homomorphism  (j): 

1.  If  F  =  {/i, . . . ,  fr}  is  a  basis  for  /,  then  {^(/i), . . . ,  <^(/r)}  is  a  basis 
for  the  ideal  J  =  {(i>{h)   :  h  e  I}. 

2.  If  hi, . . .  ,h,  are  linearly  independent,  then  so  are  (f>{hi), . .  .  ,(p{h,). 

3.  If  4>  is  degree  preserving,  then  for  every  homogeneous  ideal  7,  the 
ideals  7  and  0(7)  share  the  same  Hilbert  function. 

Let  (f),  denote  the  change  of  coordinates  in  the  ring  A'  given  by 

,      .     f    ^a  +  l       *■      yX,  +  X,+  i 

'    '    1     X,  >      Xi  {  ^  S  +  1    . 
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The  inverse  of  this  homomorphism  is  simply: 

'         \    ^t  — *     ^i  i  ^  S  +  I   . 

The  analysis  of  this  coordinate  change  will  concentrate  on  the  two  variables 
Xf  and  x,+  i.  To  facilitate  separating  these  two  variables  from  the  remaining 
ones,  the  following  notation  is  introduced: 

PP.1  =  PPl^lj  ■  ■  •  5  ^j-l)  2;,  +  2,  - . . ,  In]    • 

In  other  words,  PP,,  is  the  set  of  power  products  which  do  not  involve  the 
variables  Xj  and  x,+  i.  Let  M  be  a  monomial  x'^x''^_^_^P,  for  P  €  PP.,.  Then, 

MM)  =  t(^''^.yx",^^x:;]p. 

Note  that  the  power  products 

appear  consecutively  in  reverse  lexicographic  order. 

Lemma  2  Let  h  ^  A',  and  let  Hterm(/i)  =  x'^xl_^.yP  where  P  G  PP,.  Then 
Hterm((;6,(/i))  is  of  the  form  x"  xJ^^jP,  where  u'  +  v'  =  u  +  v. 

Proof.  Since  each  monomial  of  h  \s  <  x^x^^jP,  the  homomorphism  (f),  can 

B 

produce  no  monomial  >  x"'^''P,  so  x"''""P  >  Hterm((?i),(/i)).  Choose  M'  as 

the  least  monomial  of  h  of  the  form  M'  —  x'^~'^x",^lP,  then  M'  must  also 
be  present  in  (i),{h).  One  can  therefore  conclude 

^u+vp  >  Hterm((/.,(/i))  >  i^+[P  . 
D 

Notation:  For  /  an  ideal  of  A'  and  P  G  PP,,  let  Np{I,d)  denote  the 
number  of  distinct  head  terms  of  the  form  x^~'^x^^iP  which  belong  to  poly- 
nomials in  /.  That  is, 

Np{I,d)     =     |{c  :  x^^x:^iPGHead(/)}| 

=     \{c   :   x^=x:^ieHead(/):P}|  . 

Though  it  will  not  be  used  in  this  report,  one  might  note  that  that  is  the 
Hilbert  function  <pj{d)  for  the  ideal  of  J  =  (Head(/)  :  P)  n  K[i,,x,+  i]. 
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Lemma  3  Let  /'  C  A',  and  J  =  {(f),{h)  :  h  e  /'},  then  for  any  P  e  PP, 
andd,  Np{J,d)    =    Np{r,d). 

Proof.    Let  m  =  Np{I',d).    Choose  /i ,  fm  6  /'  having  distinct  head 

terms  of  the  form  x'j~'^x'i,P.  Since  these  m  polynomials  are  linearly  inde- 
pendent, the  polynomials  4>,{fi), . .  ■  ,(f>i{fm)  must  also  be  linearly  indepen- 
dent. Triangulating  the  4>,{fj),  it  is  possible  to  create  linear  combinations 
gi,...,gm  '^  J  oi  the  form 

m 

m 

;  =  i 

such  that  a,  J  €  K{y),  and  the  head  terms  of  the  9,  are  distinct.  Then 
Qi  —  <i>,{h,)  where  h,  =  J2T=i  ^'.ifj-  Each  h,  has  a  head  term  of  the  form 
xf~'^x^^.iP,  and  thus  by  the  preceding  lemma,  Hterm(g,)  is  therefore  also 
of  this  form.  And  so  each  of  the  gi,  ■ .  ■  ,gm  ^  J  has  a  distinct  head  term  of 
the  form  xf~'^x^^iP  and  therefore  Np{J,d)  >  c. 

A  symmetric  argument  employing  the  inverse  homomorphism  (f>J^  shows 
that  Np{I',d)  >  Np{J,d),  completing  the  proof  of  the  lemma. 
D 

Lemma  4  Let  I  £  A,  and  I'  be  the  ideal  generated  by  I  in  A'.  Suppose 
that  I'  contains  a  polynomial  h  with  Hterm((;/i, (/i))  =  i^'^x^^jP.  Then 
Np{I,d)  >c  +  l. 

Proof.  Since  Hterm((^,(/i))  =  i^-'x^+iP, 

d 

<i>,{h)  =  J^a,x'l-'x',^,P  +  L.O.T. 

«=c 

Using  the  inverse  transformation  (pj^,  h  can  be  written  as: 

d 

h     =     (^a.x^-(x,,i-yxJ')P  + L.O.T. 

-  i:«.(E(-ir'(  •  )y'-x^v,^,)p+ L.O.T. 
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The  a,  are  elements  of  K{y)  and  hence  can  be  written  as  a,  =  Y^T=m^i,2y'- 
Collecting  ternis  around  powers  of  y 

^    =     Ej/^(EI:^-.+;(-1)-M     •   ]x''r^xU,)P  +  h.O.T. 

z=m  ,-c  ;=0  \    -'     / 

00  d  d  (  \ 

The  polynomial  h  has  been  written  in  the  form  k  =  J^V^^z-  From  the 
properties  of  polynomial  rings  with  extended  coefficient  fields,  it  follows 
that  each  k^  G  /.  Let  r  =  min{2|3,  such  that  6,_2_,  /  0}.  Then,  for 
q  =  r  -  d,...,r, 

K    =    i:x^V,^,(y:(-in(  ;.  )6.,,_.>,)P  +  L.0.T. 

If  y  <  r  —  9  then  q  —  i  +  j<r  —  i  and  so  by  the  definition  of  r 

6,,,_,+j  =0     for  J  <  r  -  9  . 
Trimming  zero  terms  from  the  kg  leaves 

^     =        E     X^V,,i(X:(-ir^()    )6.,r-p-.>;)P  +  L.0.T. 

The  largest  power  product  remaining  in  the  expression  for  /i,  is  x^'^'^'^x^^^P, 
and  it's  coefficient  is 

Hcoef(/t,)     =     E(-ir^^' (,!,)''«,- 


1  =  C 


=  E(-i)-'-L"     A. 


where  /?,  denotes  the  value  6, ,.- 1-    Consider  the  /?,  to  be  variables.   There 
are  (f  —  c  +  1  of  these  variables: 


3     THE  CHANGE  OF  COORDINATES  8 

Now  the  d+  1  expressions  Hcoef(/ir_d), .  •  •  ,Hcoef(/ir)  are  linearly  indepen- 
dent over  these  variables.  Therefore,  fixing  the  values  of  any  d  —  c  +  I  of 
the  Hcoef(/ifc)  has  the  effect  of  fixing  the  values  of  the  /9,'s.  Therefore,  if 
d  —  c  +  1  of  these  expressions  evaluate  to  zero,  then  all  of  the  /?,  must  be 
zero.  This  contradicts  the  choice  of  r  as  the  least  value  v^'here  at  least  one 
of  the  0,  is  non-zero.  Therefore,  at  least  c+  1  of  the  Hcoef(/ii)  are  non-zero, 
and  Head(7)  contains  at  least  c  +  I  different  power  products  of  the  form 

D 

Corollary  5  If  Np{4>,{r),d)  =  c,  then  x'^^-^4+iP  ^  Head(<^,(/'))  :/  and 
only  if  J  <  c. 

Proof.  By  lemma  (3)  A>(/',d)  =  c  and  hence  Np{I,d)  =  c.  If  (^,(7) 
contains  a  polynomial  h  whose  head  term  is  of  the  form  x'j~^xl^iP  for 
j  >  c,  then  by  the  previous  lemma,  Np{I,d)  >  c  +  1.  Thus,  no  such  h  can 
be  in  <f>s(I),  so  the  c  distinct  head  terms  of  <;^.,(/)  of  the  form  x^"^V,^iP 
must  be  exactly  the  ones  which  have  j  =  0, . . .  ,  c  —  1. 
D 

For  monomial  ideals  whose  coefficients  lie  in  field  K,  the  ideal  is  completely 
specified  by  the  power  products  which  they  contain.  In  fact,  the  ideal  can 
be  specified  by  simply  listing  the  power  products  of  degree  less  than  the 
Macaulay  constant  uiq  since  this  is  certain  to  contain  a  monomial  basis  for 
the  ideal. 

This  allows  a  convenient  means  of  comparing  two  monomial  ideals  /,  J 
of  the  same  Hilbert  function. 
Define: 

/  =  J  if  the  two  ideals  contain  the  same  power  products.  This  condi- 
tion can  be  effectively  tested  by  considering  only  those  power  products 
of  degree  <  mo- 

I  <  J  \i  I  contains  the  <-least  power  product  at  which  I  and  J  differ. 
In  other  words,  there  exists  an  a  ^  I  —  J  such  for  all  6  G  J  —  /,  a<h. 

K 

Since  only  monomials  of  degree  <  mo  are  under  consideration,  there  are 
only  a  finite  number  of  different  monomial  ideals  for  each  Hilbert  function. 
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Furthermore,  this  measure  does  not  depend  on  the  coefficient  field  K,  and 
in  fact  allows  a  comparison  of  ideals  whose  coefficients  lie  in  different  fields. 

Lemma  6  Let  I  E:  A,  and  I'  be  the  ideal  generated  by  I  in  A'.  Then 
Head((/.,(/'))  <  (Head(7)). 

Proof.  Assume  otherwise,  then  there  must  be  some  a  G  Head(/)  such  that 

1.  a  ^  Head((^,(/')),  and 

2.  6eHead((^,(/'))  -Head(/)    =^   a<b. 

Write  a  as  a  =  x'^-'x^^.^P  for  P  €  PP,.  If  for  all  ;  <  c,  xj-'xl+yP  e 
Head(/),  then  Np{I,d)  >  c  +  1,  which  leads  to  the  contradiction  a  € 
Head(<^,(/'). 

Otherwise,  there  exists  a.  j  <  c  such  that  b  —  ^^"■'V.+  i-^  ^  Head(/).  Let 
j  be  the  least  such  value.  Then  Np{I,  d)  >  j  +  1  and 

b    e     Head(</>,(/')) 

6    e     llead{(f>,{r))  -  Head(/)  . 

Since  b<a  this  also  contradicts  the  choice  of  a. 

n 

a 

Lemma  7  Let  I  be  an  ideal  such  that  Head(/)  is  not  Borel  fixed.  Then, 
there  exists  an  s  such  that  Head((^,(/'))  <  Head(/). 

Proof.  By  the  previous  lemma,  B.ead{4>,{I'))  <  Head(/),  so  it  need  only 
be  shown  that  there  exists  an  5  such  that  Head((?i>,(/'))  and  Head(/)  are 
not  equivalent.  Since  Head(/)  is  not  Borel  fixed,  one  can  find  an  s  and  M 
(deg(M)  <  mo)  such  that  x,+  iM  €  Head(/),  but  x,M  ^  Head(/).  Let  M 
be  written  as  M  =  i^~'^x^+jP  for  P  G  PP,.  Let  j  be  the  smallest  value 
such  that  x['^+^^-^xl+iP  ^  Head(/).  Since  x,M  ^  Head(/),  j  <  c.  But, 
Np{I,d+  1)  >  i  +  1,  and  so  x['^+'^^-^xl+^P  €  Head ((/.,(/')).  Therefore  this 
power  product  is  in  one  head  ideal  but  not  the  other.  And  so,  Head(/)  and 
Head((^,(/'))  cannot  be  equivalent. 
D 


3     THE  CHANGE  OF  COORDINATES  10 

Lemma  8  Let  K  be  an  infinite  field.  Then  for  any  ideal  I  such  that 
Head(/)  i5  not  Borel  fixed,  there  exists  a  linear  change  of  coordinates  t 
given  by 

j  x,+  i     — y    kx,  +  x,+  i    k  e  K 
^  '  \  Xi         — >     X,  i  :^  s  +  1  . 

such  that  Head(r(/))  <  Heacl(/). 

Proof.  By  the  preceding  lemma  there  exists  an  s  such  that  Head(0,(/')  < 
Head(7).  Let  G  be  a  reduced  Grobner  basis  for  (f),{I').  For  each  g  <E  G,  mul- 
tiply g  by  an  appropriate  polynomial  a^  €  K\y\  to  clear  the  denominators 
so  that  agg  e  (/r|y])[ii,. .  .,!„].  Now  the  set 

G'    =    {agg  :  g  e  G) 

is  also  a  Grobner  beisis  for  (?!),(/').  The  leading  coefficients  of  the  polynomials 
in  G'  are  polynomials  in  y.  Since  K  is  infinite,  for  almost  all  projections 
T^k  '•  y  —^  k  with  k  ^  K,  these  coefficients  do  not  become  zero,  and  the  set 
of  polynomials 

H   =    {nk{agg)   :  g  €  G} 

will  have  Head(/f)  =  Head(G).  Hence,  Head(pijt(<^,(/')))  2  Head((/>, (/')), 
and  a  simple  Hilbert  function  analysis  shows  that  these  two  sets  must  in 
fact  be  equal.  But,  the  composition  nk<f>,  is  simply  the  transformation  r,  so 

Head(r{/))  =  Head(7r;fe((/),(/'))    <    Head(/). 

D 

Lemma  9  Let  K  be  an  infinite  field.  Then  for  any  ideal  I  ^  K\xi, ...  ,Xn], 
there  exists  a  linear  change  of  coordinates  t  such  that  Head(r(/))  is  Borel 
fixed. 

Proof.  If  Head(/)  is  not  Borel  fixed,  then  by  the  previous  lemma  there 
exists  a  linear  change  of  coordinates  Ti  such  that  Head(Ti(/))  <  Head)(/). 
Denote  ri(/)  by  /i.  Proceeding  inductively,  if  Head(/m)  is  not  Borel  fixed, 
there  exists  a  linear  change  of  coordinates  t^+i  such  that  I^+i  -  Tm+i{Im) 
and  Head(/m+i)  <  Head(/^).  The  sequence  /,/i,/2,...  only  terminates  if 
it  reaches  an  ideal  /„  such  that  EesLd{Im)  is  Borel  fixed.  But,  this  sequence 
must  terminate  since  there  are  only  a  finite  number  of  different  monomial 
ideals  for  any  given  Hilbert  function. 
D 
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